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Generalized Policy Iteration
• How do we find optimal controllers for given (known) MDPs?
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Generalized Policy Iteration
• How do we find optimal controllers for given (known) MDPs?
• Optimal Solver #2: Policy Iteration

• Given a policy 𝜋:

1. Evaluate policy 𝜋 (Bellman Expectation Equation):

𝑉! 𝑠 = 𝔼! 𝑟" + 𝛾𝑟# +⋯ | 𝑠$ = 𝑠

2. Improve the policy by acting greedily with respect to 𝑉!: 

𝜋% = 𝑔𝑟𝑒𝑒𝑑𝑦(𝑉!)
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Generalized Policy Iteration
• How do we find optimal controllers for given (known) MDPs?
• Unfortunately, we need some definitions:

• Greedy Policy Improvement over 𝑄

𝜋# 𝑠 = argmax
$ ∈𝒜

𝑄" 𝑠, 𝑎

∀𝑠 ∈ 𝒮, 𝑄"! 𝑠, 𝜋# 𝑠 ≥ 𝑄" 𝑠, 𝜋 𝑠

• Greedy Policy Improvement over 𝑉

𝜋# 𝑠 = argmax
$ ∈𝒜

𝑟 𝑠, 𝑎 + 𝛾 ;
'!∈𝒮

𝒫 𝑠# 𝑠, 𝑎) 𝑉" 𝑠′

∀𝑠 ∈ 𝒮, 𝑉"! 𝑠# ≥ 𝑉" 𝑠#
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Generalized Policy Iteration
• How do we find optimal controllers for given (known) MDPs?
• Greedy Policy Improvement over 𝑉

𝜋# 𝑠 = argmax
$ ∈𝒜

𝑟 𝑠, 𝑎 + 𝛾 ;
'!∈𝒮

𝒫 𝑠# 𝑠, 𝑎) 𝑉" 𝑠′

∀𝑠 ∈ 𝒮, 𝑉"! 𝑠# ≥ 𝑉" 𝑠#
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Dynamic Programming: Policy Iteration
• How do we find optimal controllers for given (known) MDPs?
• Optimal Solver #2: Policy Iteration
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Dynamic Programming: Policy Iteration
• How do we find optimal controllers for given (known) MDPs?
• Optimal Solver #2: Policy Iteration: Example for Policy Evaluation

• Undiscounted episodic MDP (𝛾 = 1)
• Actions leading out of the grid leave state unchanged
• Agent follows uniform random policy:

𝜋 𝑛| ⋅ = 𝜋 𝑒| ⋅ = 𝜋 𝑠 ⋅ = 𝜋 𝑤 ⋅ = 0.25
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76 Chapter 4: Dynamic Programming

Example 4.1 Consider the 4⇥4 gridworld shown below.

actions

r  =  !1

on all transitions

1 2 3

4 5 6 7

8 9 10 11

12 13 14

Rt = �1

The nonterminal states are S = {1, 2, . . . , 14}. There are four actions possible in each
state, A = {up, down, right, left}, which deterministically cause the corresponding
state transitions, except that actions that would take the agent o↵ the grid in fact leave
the state unchanged. Thus, for instance, p(6, �1 |5, right) = 1, p(7, �1 |7, right) = 1,
and p(10, r |5, right) = 0 for all r 2 R. This is an undiscounted, episodic task. The
reward is �1 on all transitions until the terminal state is reached. The terminal state is
shaded in the figure (although it is shown in two places, it is formally one state). The
expected reward function is thus r(s, a, s0) = �1 for all states s, s0 and actions a. Suppose
the agent follows the equiprobable random policy (all actions equally likely). The left side
of Figure 4.1 shows the sequence of value functions {vk} computed by iterative policy
evaluation. The final estimate is in fact v⇡, which in this case gives for each state the
negation of the expected number of steps from that state until termination.

Exercise 4.1 In Example 4.1, if ⇡ is the equiprobable random policy, what is q⇡(11, down)?
What is q⇡(7, down)? ⇤
Exercise 4.2 In Example 4.1, suppose a new state 15 is added to the gridworld just below
state 13, and its actions, left, up, right, and down, take the agent to states 12, 13, 14,
and 15, respectively. Assume that the transitions from the original states are unchanged.
What, then, is v⇡(15) for the equiprobable random policy? Now suppose the dynamics of
state 13 are also changed, such that action down from state 13 takes the agent to the new
state 15. What is v⇡(15) for the equiprobable random policy in this case? ⇤
Exercise 4.3 What are the equations analogous to (4.3), (4.4), and (4.5) for the action-
value function q⇡ and its successive approximation by a sequence of functions q0, q1, q2, . . .?
⇤

4.2 Policy Improvement

Our reason for computing the value function for a policy is to help find better policies.
Suppose we have determined the value function v⇡ for an arbitrary deterministic policy
⇡. For some state s we would like to know whether or not we should change the policy
to deterministically choose an action a 6= ⇡(s). We know how good it is to follow the
current policy from s—that is v⇡(s)—but would it be better or worse to change to the
new policy? One way to answer this question is to consider selecting a in s and thereafter

terminal states
nonterminal states



Dynamic Programming: Policy Iteration
• How do we find optimal controllers for given (known) MDPs?
• Optimal Solver #2: Policy Iteration: Example for Policy Evaluation
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Figure 4.1: Convergence of iterative policy evaluation on a small gridworld. The left column is
the sequence of approximations of the state-value function for the random policy (all actions
equally likely). The right column is the sequence of greedy policies corresponding to the value
function estimates (arrows are shown for all actions achieving the maximum, and the numbers
shown are rounded to two significant digits). The last policy is guaranteed only to be an
improvement over the random policy, but in this case it, and all policies after the third iteration,
are optimal.
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Figure 4.1: Convergence of iterative policy evaluation on a small gridworld. The left column is
the sequence of approximations of the state-value function for the random policy (all actions
equally likely). The right column is the sequence of greedy policies corresponding to the value
function estimates (arrows are shown for all actions achieving the maximum, and the numbers
shown are rounded to two significant digits). The last policy is guaranteed only to be an
improvement over the random policy, but in this case it, and all policies after the third iteration,
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Figure 4.1: Convergence of iterative policy evaluation on a small gridworld. The left column is
the sequence of approximations of the state-value function for the random policy (all actions
equally likely). The right column is the sequence of greedy policies corresponding to the value
function estimates (arrows are shown for all actions achieving the maximum, and the numbers
shown are rounded to two significant digits). The last policy is guaranteed only to be an
improvement over the random policy, but in this case it, and all policies after the third iteration,
are optimal.
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Figure 4.1: Convergence of iterative policy evaluation on a small gridworld. The left column is
the sequence of approximations of the state-value function for the random policy (all actions
equally likely). The right column is the sequence of greedy policies corresponding to the value
function estimates (arrows are shown for all actions achieving the maximum, and the numbers
shown are rounded to two significant digits). The last policy is guaranteed only to be an
improvement over the random policy, but in this case it, and all policies after the third iteration,
are optimal.
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Figure 4.1: Convergence of iterative policy evaluation on a small gridworld. The left column is
the sequence of approximations of the state-value function for the random policy (all actions
equally likely). The right column is the sequence of greedy policies corresponding to the value
function estimates (arrows are shown for all actions achieving the maximum, and the numbers
shown are rounded to two significant digits). The last policy is guaranteed only to be an
improvement over the random policy, but in this case it, and all policies after the third iteration,
are optimal.
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Figure 4.1: Convergence of iterative policy evaluation on a small gridworld. The left column is
the sequence of approximations of the state-value function for the random policy (all actions
equally likely). The right column is the sequence of greedy policies corresponding to the value
function estimates (arrows are shown for all actions achieving the maximum, and the numbers
shown are rounded to two significant digits). The last policy is guaranteed only to be an
improvement over the random policy, but in this case it, and all policies after the third iteration,
are optimal.
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Figure 4.1: Convergence of iterative policy evaluation on a small gridworld. The left column is
the sequence of approximations of the state-value function for the random policy (all actions
equally likely). The right column is the sequence of greedy policies corresponding to the value
function estimates (arrows are shown for all actions achieving the maximum, and the numbers
shown are rounded to two significant digits). The last policy is guaranteed only to be an
improvement over the random policy, but in this case it, and all policies after the third iteration,
are optimal.
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Figure 4.1: Convergence of iterative policy evaluation on a small gridworld. The left column is
the sequence of approximations of the state-value function for the random policy (all actions
equally likely). The right column is the sequence of greedy policies corresponding to the value
function estimates (arrows are shown for all actions achieving the maximum, and the numbers
shown are rounded to two significant digits). The last policy is guaranteed only to be an
improvement over the random policy, but in this case it, and all policies after the third iteration,
are optimal.
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Figure 4.1: Convergence of iterative policy evaluation on a small gridworld. The left column is
the sequence of approximations of the state-value function for the random policy (all actions
equally likely). The right column is the sequence of greedy policies corresponding to the value
function estimates (arrows are shown for all actions achieving the maximum, and the numbers
shown are rounded to two significant digits). The last policy is guaranteed only to be an
improvement over the random policy, but in this case it, and all policies after the third iteration,
are optimal.
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Figure 4.1: Convergence of iterative policy evaluation on a small gridworld. The left column is
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Dynamic Programming: Policy Iteration
• How do we find optimal controllers for given (known) MDPs?
• Optimal Solver #2: Policy Iteration: Example for Policy Evaluation

• Iterative Policy Evaluation converges to 𝑉"

• The converged greedy policy is guaranteed to be an improvement over the random policy
• In this case (any greedy policies after the third iteration) are optimal policies

Dynamic Programming 14

𝑘 = ∞

4.2. Policy Improvement 77

 0.0  0.0  0.0

 0.0  0.0  0.0  0.0

 0.0  0.0  0.0  0.0

 0.0  0.0  0.0

-1.0 -1.0 -1.0

-1.0 -1.0 -1.0 -1.0

-1.0 -1.0 -1.0 -1.0

-1.0 -1.0 -1.0

-1.7 -2.0 -2.0

-1.7 -2.0 -2.0 -2.0

-2.0 -2.0 -2.0 -1.7

-2.0 -2.0 -1.7

-2.4 -2.9 -3.0

-2.4 -2.9 -3.0 -2.9

-2.9 -3.0 -2.9 -2.4

-3.0 -2.9 -2.4

-6.1 -8.4 -9.0

-6.1 -7.7 -8.4 -8.4

-8.4 -8.4 -7.7 -6.1

-9.0 -8.4 -6.1

-14. -20. -22.

-14. -18. -20. -20.

-20. -20. -18. -14.

-22. -20. -14.

Vk  for the

Random Policy

Greedy Policy

w.r.t. Vk

k = 0

k = 1

k = 2

k = 10

k = !

k = 3

optimal 
policy

random 
policy

 0.0

 0.0

 0.0

 0.0

 0.0

 0.0

 0.0

 0.0

 0.0

 0.0

 0.0

 0.0

vk
      for the

random policy
vk greedy policy

    w.r.t. vk

Figure 4.1: Convergence of iterative policy evaluation on a small gridworld. The left column is
the sequence of approximations of the state-value function for the random policy (all actions
equally likely). The right column is the sequence of greedy policies corresponding to the value
function estimates (arrows are shown for all actions achieving the maximum, and the numbers
shown are rounded to two significant digits). The last policy is guaranteed only to be an
improvement over the random policy, but in this case it, and all policies after the third iteration,
are optimal.



Dynamic Programming: Policy Iteration
• How do we find optimal controllers for given (known) MDPs?
• Optimal Solver #2: Policy Iteration: Proof - Intuition

• Is policy improvement making 𝜋# better than 𝜋?
• Assume that for some state 𝜋# 𝑠 = 𝑎 ≠ 𝜋(𝑠). Should we use the new policy? Is it better or is it worse?
• How good is it to choose 𝑎 in 𝑠 and then keep on following 𝜋:

𝑄" 𝑠, 𝑎 =̇ 𝔼 𝑟*+, + 𝛾𝑉" 𝑠*+, |𝑠* = 𝑠, 𝑎* = 𝑎
𝑄" 𝑠, 𝑎 =;

'!,.
𝒫 𝑠#, 𝑟|𝑠, 𝑎 𝑟 + 𝛾𝑉"(𝑠#)

à If this is better, we would expect that using 𝑎 is always better when we are in 𝑠
à …and that the new policy would then in turn be a better one overall!

Dynamic Programming 15
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Dynamic Programming: Policy Iteration
• Special case of the Policy Improvement Theorem

• Let 𝜋 and 𝜋# be any pair of deterministic policies such that
𝑄" 𝑠, 𝜋#(𝑠) ≥ 𝑉" 𝑠 , ∀ 𝑠 ∈ 𝒮

• Then 𝜋# must be as good as, or better than 𝜋, which means

𝑉"! 𝑠 ≥ 𝑉" 𝑠 , ∀𝑠 ∈ 𝒮
• Consider again the special case 𝜋# 𝑠 = 𝑎 ≠ 𝜋 𝑠 for exactly one 𝑠 ∈ 𝒮

(this is in line for the non-strict inequality formulation above)
• Thus, if 𝑄" 𝑠, 𝑎 > 𝑉" 𝑠 then the changed policy is indeed better than 𝜋

𝑉" 𝑠 ≤ 𝑄" 𝑠, 𝜋# 𝑠
𝑉" 𝑠 = 𝔼 𝑟*+, + 𝛾𝑉" 𝑠*+, |𝑠* = 𝑠, 𝑎* = 𝜋#(𝑠)
𝑉" 𝑠 = 𝔼"! 𝑟*+, + 𝛾𝑉" 𝑠*+, |𝑠* = 𝑠
𝑉" 𝑠 ≤ 𝔼"! 𝑟*+, + 𝛾𝑄" 𝑠*+,, 𝜋# 𝑠*+, |𝑠* = 𝑠
𝑉" 𝑠 ≤ 𝔼"! 𝑟*+, + 𝛾𝑟*+/ + 𝛾/𝑄" 𝑠*+/, 𝜋# 𝑠*+/ |𝑠*+,, 𝑎*+, = 𝜋#(𝑠*+,)|𝑠* = 𝑠
𝑉" 𝑠 …
𝑉" 𝑠 ≤ 𝔼"! 𝑟*+, + 𝛾𝑟*+/ +⋯|𝑠* = 𝑠
𝑉" 𝑠 = 𝑉"!(𝑠)
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Dynamic Programming: Policy Iteration
• Special case of the Policy Improvement Theorem

• It is a natural extension to consider changes at all states and to all possible actions, in other words: to
consider the new greedy policy 𝜋# given by:

𝜋# 𝑠 =̇ arg max
$

𝑄"(𝑠, 𝑎)

𝜋# 𝑠 = arg max
$

𝔼 𝑟*+, + 𝛾𝑉" 𝑠*+, |𝑠* = 𝑠, 𝑎* = 𝑎

𝜋# 𝑠 = arg max
$

;
'!,.
𝒫 𝑠#, 𝑟|𝑠, 𝑎 𝑟 + 𝛾𝑉"(𝑠#)

• Greedy policy takes action that looks best (with one-step lookahead) and by construction, the greedy
policy meets the policy improvement theorem (slide before)

• Suppose that the new greedy policy 𝜋# is as good as but not better than 𝜋:
𝑉" 𝑠 = max

$
𝔼 𝑟*+, + 𝛾𝑉"

! 𝑠*+, |𝑠* = 𝑠, 𝑎* = 𝑎

𝑉" 𝑠 = max
$
;

'!,.
𝒫 𝑠#, 𝑟|𝑠, 𝑎 𝑟 + 𝛾𝑉"!(𝑠#)

• à This is the Bellman Optimality Equation; hence: 𝜋 = 𝜋# = 𝜋∗

Dynamic Programming 17



Dynamic Programming: Policy Iteration
• How do we find optimal controllers for given (known) MDPs?
• Optimal Solver #2: Policy Iteration

• Final remarks:
1. We considered deterministic policies.

• In the general case 𝜋 specifies probabilities 𝜋(𝑎|𝑠)
• Everything seen so far can easily be extended to this

2. Do we need to evaluate upon convergence? à NO.
• It is sufficient to execute one single sweep (instead of going to convergence)
• Policy iteration breaks down to value iteration!
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Dynamic Programming: Policy Iteration

Hands-On:
https://cs.stanford.edu/people/karpathy/reinforcejs/gridworld_dp.html
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