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Exercise 8: Actor-Critic Methods
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Brief Recap
Policy-based Reinforcement Learning
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Goal: find 𝒘 that approximates the true 𝑸-function

Action

(𝑎𝑡)

Next State

(𝑠𝑡+1)

Reward

(𝑅(𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1))

Environment

Value Function

( ෠𝑄(𝑠, 𝑎; 𝒘))

Policy

(𝜖-Greedy)

Goal: find 𝜽 that maximizes long term reward

Action

(𝑎𝑡)

Next State

(𝑠𝑡+1)

Reward

(𝑅(𝑠𝑡, 𝑎𝑡, 𝑠𝑡+1))

Environment

Policy

(𝜋 𝑎𝑡 𝑠𝑡; 𝜽))

Value-based:

Policy-based:



Recap
Policy Gradients
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• Our goal is to maximize the expected reward:

max
𝜃

𝔼𝜋𝜃
𝐺 𝜏

(where 𝜋𝜃 is a parameterized policy, e.g., a neural network)

• But how do we maximize this? 

→ Gradient Ascent! Suppose we know how to calculate the gradient w.r.t. the parameters:

𝛻𝜃𝔼𝜏~𝜋𝜃
𝐺 𝜏

• Then we can update our parameters 𝜃 in the direction of the gradient:

𝜃 ← 𝜃 + 𝛼𝛻𝜃𝔼𝜏~𝜋𝜃
𝐺 𝜏

𝐺 𝜏  ≔  ෍
𝑡=0

𝑇−1

𝛾𝑡𝑅 𝑠𝑡 , 𝑎𝑡

Policy Gradient

often in literature 

referred to as 𝛻𝜃𝐽 𝜋𝜃



Policy-based Reinforcement Learning

▪ We can subtract baseline functions from our policy gradient without changing its expectation:

∇𝜃𝔼𝜏~𝜋𝜃
𝐺 𝜏 = 𝔼𝜏~𝜋𝜃

෍

𝑡=0

𝑇

∇𝜃 log 𝜋𝜃 𝑎𝑡|𝑠𝑡 (𝐺𝑡 − 𝑏 𝑠𝑡 )

▪ We can define advantage functions that reduce variance

➢ For instance, we can use 𝑏 𝑠𝑡 = 𝑣𝜋 𝑠𝑡 to reduce variance in the sample estimate of the policy gradient:

𝐴𝜋 𝑠𝑡 , 𝑎𝑡 = 𝑄𝜋 𝑠𝑡 , 𝑎𝑡 − 𝑉𝜋 𝑠𝑡

→ faster and more stable policy learning!

7

= ෍
𝑡′=𝑡

𝑇

𝛾𝑡′−𝑡𝑅 𝑠𝑡′ , 𝑎𝑡′ = 𝑄𝜋 𝑠𝑡, 𝑎𝑡

Baselines and Advantage Functions

* You can find one version of  the proof here: https://spinningup.openai.com/en/latest/spinningup/rl_intro3.html#id1



Actor-Critic Methods
Reducing Variance

∇𝜃𝔼𝜋𝜃
𝐺 𝜏 ≈

1

𝐿
෍

𝜏

෍

𝑡=0

𝑇

∇𝜃 log 𝜋𝜃 𝑎𝑡|𝑠𝑡 ෍

𝑡′=𝑡

𝑇

𝛾𝑡′−𝑡𝑅 𝑠𝑡′ , 𝑎𝑡′ − 𝑏 𝑠𝑡

▪ Monte-Carlo policy gradient is sampled and has high variance

▪ Idea: we can use a critic that estimates the Q

8

actor critic

=  𝑄𝜋(𝑠𝑡 , 𝑎𝑡)



Actor-Critic Methods
Introduce critic that estimates Q
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▪ The policy gradient we used so far (without baseline to begin with):

𝛻𝜃𝔼𝜋𝜃
𝐺 𝜏 ≈

1

𝐿
෍

𝜏

෍

𝑡=0

𝑇

𝛻𝜃 log 𝜋𝜃 𝑎𝑡|𝑠𝑡 𝐺(𝜏)

≈
1

𝐿
෍

𝜏

෍

𝑡=0

𝑇

𝛻𝜃 log 𝜋𝜃 𝑎𝑡|𝑠𝑡 ෍

𝑡′=𝑡

𝑇

𝛾𝑡′−𝑡𝑅 𝑠𝑡′ , 𝑎𝑡′

→ In practice, (as we already know) 𝑄𝜋 𝑠𝑡 , 𝑎𝑡 cannot be “computed”

→ we instead need to approximate it with a neural network with parameters 𝜙 and standard SGD over 𝑘 epochs 
minimizing the MSE:

𝜙𝑘 = arg min
𝜙

𝔼𝑠𝑡;𝑎𝑡, ෠𝑅𝑡~𝜋𝑘
𝑄𝜙 𝑠𝑡 , 𝑎𝑡 − ෠𝑅𝑡

2

=  𝑄𝜋(𝑠𝑡 , 𝑎𝑡)

MC samples this, i.e. high variance

-> Use Critic to estimate Q
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▪ The policy gradient we used so far (without baseline to begin with):

𝛻𝜃𝔼𝜋𝜃
𝐺 𝜏 ≈

1

𝐿
෍

𝜏

෍

𝑡=0

𝑇

𝛻𝜃 log 𝜋𝜃 𝑎𝑡|𝑠𝑡 𝐺(𝜏)

≈
1

𝐿
෍

𝜏

෍

𝑡=0

𝑇

𝛻𝜃 log 𝜋𝜃 𝑎𝑡|𝑠𝑡 ෍

𝑡′=𝑡

𝑇

𝛾𝑡′−𝑡𝑅 𝑠𝑡′ , 𝑎𝑡′

▪ Idea: we can use a critic (e.g., a NN as in DQN) to estimate the Q and learn two sets of parameters separately

▪ Actor: update 𝜃 by policy gradient 

▪ Critic: Update parameters 𝜙 of 𝑣𝜙
𝜋, e.g., by n-step TD 

▪ We call such algorithms actor-critic algorithms

=  𝑄𝜋(𝑠𝑡 , 𝑎𝑡)

Typically, we estimate 𝑣𝜋(𝑠𝑡; 𝜙) explicitly, and then sample

𝑞𝜋 𝑠𝑡 , 𝑎𝑡 ≈ 𝐺𝑡
(𝑛)

, i.e. ෠𝐺𝑡
(1)

= 𝑅𝑡 + 𝛾𝑣𝜋(𝑠𝑡+1; 𝜙)



Actor-Critic Methods
Advantage Actor Critic (A2C)
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▪ Introduce a baseline:

𝛻𝜃𝔼𝜋𝜃
𝐺 𝜏 ≈

1

𝐿
෍

𝜏

෍

𝑡=0

𝑇

𝛻𝜃 log 𝜋𝜃 𝑎𝑡|𝑠𝑡 ෍

𝑡′=𝑡

𝑇

𝛾𝑡′−𝑡𝑅 𝑠𝑡′ , 𝑎𝑡′ − 𝑏 𝑠𝑡

=
1

𝐿
෍

𝜏

෍

𝑡=0

𝑇

𝛻𝜃 log 𝜋𝜃 𝑎𝑡|𝑠𝑡 ( ෠𝐺𝑡−𝑏 𝑠𝑡 )

➢ Calculate via MC estimation:

𝐴𝜋 𝑠𝑡 , 𝑎𝑡 = 𝑅 𝑠𝑡 , 𝑎𝑡 − 𝑉𝜋 𝑠𝑡

=  𝑄𝜋(𝑠𝑡 , 𝑎𝑡)

: = 𝐴𝜋 𝑠𝑡 , 𝑎𝑡
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Advantage Actor Critic (A2C)
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▪ Calculate via TD error:  𝐴𝜋 𝑠𝑡 , 𝑎𝑡 = 𝑄𝜋 𝑠𝑡 , 𝑎𝑡 − 𝑉𝜋 𝑠𝑡

𝐴𝜋 𝑠𝑡 , 𝑎𝑡 = 𝑟 + 𝛾 ⋅ 𝑣𝜋(𝑠′𝑡) − 𝑣𝜋(𝑠𝑡)

▪ Or multi-step TD error: “Generalized Advantage Estimation (GAE)”

➢ Less variance, more bias than MC

መ𝐴𝑡
(1)

 ≔ 𝛿𝑡
𝑉 = −𝑉 𝑠𝑡 + 𝑟𝑡 + 𝛾𝑉(𝑠𝑡+1)

መ𝐴𝑡
(2)

 ≔ 𝛿𝑡
𝑉 + 𝛾𝛿𝑡+1

𝑉 = −𝑉 𝑠𝑡 + 𝑟𝑡 + 𝛾𝑉 𝑠𝑡+1 + 𝛾2𝑉 𝑠𝑡+2

...

መ𝐴𝑡
𝑘

≔ σ𝑙=0
𝑘−1 𝛾𝑙𝛿𝑡+𝑙

𝑉 = −𝑉 𝑠𝑡 + 𝑟𝑡 + 𝛾𝑟𝑡+1 + ⋯ + 𝛾𝑘−1𝑟𝑡+𝑘−1 + 𝛾𝑘𝑉 𝑠𝑡+𝑘

መ𝐴𝑡
(∞)

=  ෍

𝑙=0

∞

𝛾𝑙𝛿𝑡+𝑙
𝑉 = −𝑉 𝑠𝑡 +  ෍

𝑙=0

∞

𝛾𝑙 + 𝑟𝑡+𝑙



Actor-Critics Methods
Summary

▪ The policy gradient has many forms:

  ∇𝜃𝐽 𝜃 = 𝔼𝜋𝜃
∇𝜃 log 𝜋𝜃 𝑠, 𝑎 𝐺𝑡    REINFORCE

  ∇𝜃𝐽 𝜃 = 𝔼𝜋𝜃
∇𝜃 log 𝜋𝜃 𝑠, 𝑎 (𝐺𝑡−𝑏 𝑠𝑡   REINFORCE w/ baseline 

  ∇𝜃𝐽 𝜃 = 𝔼𝜋𝜃
∇𝜃 log 𝜋𝜃 𝑠, 𝑎 መ𝐴𝑡

(∞)
advantage actor-critic 

  ∇𝜃𝐽 𝜃 = ∇𝜃𝑄𝑡 𝑠, 𝜋𝜃(𝑠) deterministic policy gradient

(see DDPG)

▪ Each leads to a stochastic gradient ascent algorithm

▪ Critic uses policy evaluation (e.g., MC or TD) to estimate 𝑄𝜋 𝑠, 𝑎 or 𝑉𝜋(𝑠)

13

Sutton et a.: Reinforcement learning: An introduction. 2018.
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Thank you for your attention!
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